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DISPERSION ESTIMATES FOR SPHERICAL SCHRODINGER 

EQUATIONS 

ALEKSEY KOSTENKO, GERALD TESCHL, AND JULIO H. TOLOZA 


Abstract. We derive a dispersion estimate for one-dimensional perturbed 
radial Schrodinger operators. We also derive several new estimates for solutions 
of the underlying differential equation and investigate the behavior of the Jost 
function near the edge of the continuous spectrum. 


1. Introduction 

We are concerned with the one-dimensional Schrodinger equation 

i7/j(t,x) = H := ^ + q{x), {t,x) C M x R+, (1.1) 

dx^ x^ 

with real integrable potential q and with the angular momentum 1 > — i. We will 
use T to describe the formal Sturm-Liouville differential expression and H the self- 
adjoint operator acting in L^(IR_|_) and given by r together with the usual boundary 
condition at x = 0: 

Im x'((Z-b l)/(x) - x/'(x)) = 0, 

More specifically, our goal is to provide dispersive decay estimates for these 
equations. To this end we recall (e.g., [27l Sect. 9.7]) that for ' x\q{x)\dx < oo 
the operator H has a purely absolutely continuous spectrum on (0, oo) plus a finite 
number of eigenvalues in (—oo,0]. At the edge of the continuous spectrum there 
could be a resonance (or an eigenvalue if Z > i). Various equivalent definitions of 
what is meant by a resonance in this setting will be given in Lemma l2.15l Then our 
main result read as follows: 

Theorem 1.1. Assume that 

pi poc 

J \q{x)\dx < oo and j x^^^^'^'^'^^'’\q{x)\dx < oo^ (1-3) 

and suppose there is neither a resonance nor an eigenvalue at 0. Then the following 
decay holds 

||e = C>(|t| / ), t—>- 00 . (1.4) 

Here Pc{H) is the orthogonal projection in L^(R+) onto the continuous spectrum 
ofH. 
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This result will follow from the corresponding low energy result Theorem l3.2l Isee 
also Theorem ITT]) with the high energy result Theorem 13.31 We also remark that 
the decay rate is optimal (see below). 

On the whole line such results have a long tradition and we refer to Weder [29] . 
Goldberg and Schlag [14], Egorova, Kopylova, Marchenko and Teschl [10] (for the 
discrete case see i) as well as the reviews [IIlES]. On the half line the case I = 0 
was treated by Weder m- The case of general I but without potential was recently 
considered in Kovafik and True [35] (see also [nm for related results). While our 
overall strategy looks quite similar to the classical case I — 0, the details are much 
more delicate at several points: the first problem stems from the fact that only one 
solution will be bounded near x = 0 while the other one will have a singularity if 
I > 0. In particular, in this case the dost solutions will have a singularity near x = Q 
and the expression of the regular solution (which is in the domain of our operator 
near a; = 0) in terms of the dost solutions (i.e., the scattering relations) can no 
longer be used to obtain useful estimates. The second problem is that the simple 
group structure of the exponential functions breaks down for Bessel functions which 
requires novel strategies to handle the Born series expansion of the resolvent. And 
of course one has to work much harder to get some estimates, which are trivial for 
trigonometric functions, for Bessel functions. In particular, our present paper should 
also be understood as a contribution to understanding the properties of solutions 
of the underlying spectral problem. In this respect we would like to emphasize that 
the behavior of the dost function near the bottom of the essential spectrum is still 
not understood satisfactorily, and for this very reason the resonant case had to be 
excluded from our main theorem. This is definitely a gap which should be filled. 

As already mentioned, we have restricted ourselves to the boundary condition 
(O corresponding to the Friedrichs extension for We will investigate 

the effect of other boundary conditions (including the case of (I1.1D - (II.2I) with I S 
(—|, — i), considered in m) in a forthcoming work |15j . For the remaining missing 
case I = — i on the other hand we do expect Theorem 11.11 hold true but, due to 
the logarithmic part of the second solution of the Bessel equation, proofs would be 
significantly more involved so the treatment of this case has been omitted. 

Finally, we mention that one of the motivation to study dm is the fact that it 
arises naturally when discussing the n-dimensional Schrodinger equation 

i4'(t, x) = x), := — A + I/(x), (<,x)sIRxR", n>2. (1.5) 

However, it is important to emphasize that this is not the only motivation since 
operators of the type in ini) are the prototypical example of strongly singular 
Schrodinger operators which have attracted considerable interest recently (see e.g. 
[Miniiniiii] and the references therein) or as examples in other physical and 
mathematical models (see e.g. [HIZ])- Nevertheless, and since a lot is known about 
dispersive estimates for m (see the reviews [niiis] already mentioned above), it 
seems worth while to discuss what these estimates imply for dni). 

To this end recall (see e.g. Example 1.5 in [ST]) that if F(x) = q{x), x = |x|, is 
radially symmetric, then Hn will be reduced by the spherical harmonics (cf. [23]) 

Z e No, TO = l,...,fV(n,Z), 

which are an orthonormal basis of eigenfunctions of the Laplace-Beltrami operator 

A§n-1, 

-A^.-.Yr = Hl + n-2)Yr, 
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on L^(S” Then the subspaces 

^i,m = 'tp{x)Yi^ I 


a; = |x|, V'eU(R+)^ 


span L^(R") = 0; ^^i.m and give rise to the decomposition 


l,m 

where 

Hn,l = - 


Un ■■ i^(R+), 2;"= i’ix), 




dx'^ 


q{x). 


In particular, an estimate of the type 


implies 




( 1 . 6 ) 




)-).L~(R+;x-3-) ^ 


Here L^(M+;a:“), a G R denotes the standard space with the weight a;“. In the 
special case Z = 0 we get 


s{s — 1) 


n — 1 


s = 


and hence 


|e-i‘^"'°Pc(id„.o)|L 




which generalizes Theorem 2.4 from where the case without potential and with 
the weight (1 + xY was established. For conditions on V for (11.61) to hold we refer 
again to the above mentioned survey articles [niES]. At this point we only note 
that it of course holds in the case without potential where the time evolution is 
given by 


(e'^^vi/o) (x) = 


1 


.=-y| 


e' «'o(y)dy. 


(47rit)"/^ 

Moreover, the time evolution of Hn,i can be obtained by projecting e'^‘ to the 
corresponding spherical harmonics. For example, in three dimensions one obtains 


3 —itffa.i 


]{x,y) = 


x^/y°(o,o)-i 

(47rit)3/2 
2TTxy 
(47rif)3/2 
i-'-i/2 

- At 

2\t 


nTZ /* 27 r 


• —2xy cos(9)-\-y p, 

{6, sin{9)d9 


/o ^0 


e 


e-'^^^Pi{r)dr 




where we have chosen to = 0, x = (0, 0, x) and used 

Y°{e,^) = 


^p.(cos(d)), mo = Y^ie-iy, 

as well as [24l (18.17.19) for the last integral. Here P is the Bessel function of 
order v and Pi are the Legendre polynomials. This should again be compared with 
pOl Eq. (3.23)]. In particular, for Z = 0 we have ||[e“'*^^’“](a;,y)||oo = 


^The I used here is different from the I in 111. Ill and the rest of the paper unless n = 3. 
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(while \\{xy) i[e 2/)||oo = which shows that the decay in our 

main Theorem 11.11 is optimal. Of course a potential of the type F(x) = with 

a > — could be included in this discussion as it can be absorbed in the 

definition of s 011]. 


2. Properties of solutions 


In this section we will collect some properties of the solutions of the underlying 
differential equation required for our main results. 


2.1. The regular solution. Suppose that I > —i and 


(?eLioc(K+) and [ x\q{x)\d. 

Jo 


X < 00. 


( 2 . 1 ) 


Then the ordinary differential equation 


Tf = zf, 




l{l + l) 


+ q{x), 


has a system of solutions (j){z, x) and 0(z, x) which is real entire with respect to z 
such that 


(j){z,x) = Cix’‘~^^4'{z,x), 9{z,x) = 


-0{z,x), Ci = 


{2i + i)Ci ^ r(; + §)2'+i' 


( 2 . 2 ) 


where ^(z, •), 0(z, •) G IT^djo, 1] and <^(z, 0) = 0(z, 0) = 1. For a detailed construc¬ 
tion of these solutions we refer to, e.g., |20) . 

We start with two lemmas containing estimates for the Green’s function of the 
unperturbed equation 

Giiz,x,y) = (j)i{z,x)ei{z,y) - (j)i{z,y)di{z,x) 
and the regular solution (j){z,x) (see, e.g., [T8| Lemmas 2.2, A.l, and A.2]). Here 

, , 2 i+l [ttx 

(pi{z,x) = z 4 


and 


9ii2 


= sin((Z + i)7r) 


Y^J;+i(\/zai), 

J_i_i(\/zx), 


l-l-- G R+\ No, 
1 


log(z)J;+i(yzx) - r,+ i(\/zx), Z + -gNo, 


where Ji, and are the usual Bessel and Neumann functions (see Appendix IbI) . 
All branch cuts are chosen along the negative real axis unless explicitly stated 
otherwise. 


Lemma 2.1 ([IB])- Fori > the following estimates hold: 


U;(fc^,x)| < C 


1 -I- |A:| X 


/ + 1 


^|Im. k\a 


and 


\Giik^x,y)\<C 


1 -I- |A:| xy 


^ + \k\y \ \i-cak\{x-y) 


y <x. 


(2.3) 


(2.4) 
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Lemma 2.2 ('[18)1. Assume (EH). Then (j){z, x) satisfies the integral equation 

(j){z,x) = (j)i{z,x)+ / Gi{z,x,y)q{y)<i){z,y)dy. 

^0 


Moreover, (j) is entire in z for every x > 0 and satisfies the estimate 

i-\-i 


— (j)i{k'^,x)\ < C 


1 + 




^llm k\a 


r y\<i{y)\ 
lo 1 + 1^1 y 


dy. 


(2.5) 


We also need the following estimates. 

Lemma 2.3. For I > —^ the following estimates hold 

1+2 


\dk4'i{k‘^,x)\ < C\k\x 


1 + |A:| a; 


^|Im fc|a 


( 2 . 6 ) 


and 


|5fcGz(fc2,x,y)| ^ y < x. (2.7) 

Proof. The first inequality follows from the identity (see (IB. 81) 1 

dk4>iik'^,x) = -kx4>i+i{k^,x) 

along with the bound (12.31) . 

Before proving EH), let us mention that 

Gi{k^,x,y) = Ji+iikx)Yi^i{ky) - J;+1 (fcj/)^/+i(M 


= hII\ {kx)Hl^\ (ky) - iky)Hli\ (kx) 


r(2) 


( 1 ) 


r( 2 ) 


i-\-T 




lA-i 


z+i 


where and are the usual Hankel functions (see Appendix [B]). Hence we 
obtain 


dkGi{k‘^,x,y) = -y/Ty yxJi^3{kx)Yi^i{ky) - yJi^3{ky)Yi^i(kx) 

TT f 

- 2 \/^ [yJi+l{kx)Yi_i{ky) - xJi+i{ky)Yi_i{kx) 

= [xTjW, (kx)H^^^\ (ky) - (ky)Hfi (kx) 

- f \yH\^^,(kx)Hf\_(ky) - xH[^^,(ky)H[t^.{kx) 


( 2 . 8 ) 


Consider the function 

TT 


Qi(v.O '■= 2 -C>/i+|( 0 ^/+i(b) 


ITT 

T 


- ^Ji+^(v)Yi_i_{0 + yJi+^(£.)yi-x{y)] 

(y)Hll\ (0 - (0<\ id) 

- (C) + (y) 

Step (i): 1^1 < I 77 I < 1. Let us estimate the function 

yJi+i{y)Yij^i(^) - CJ,+3 (Oy;+1 (77). 
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Employing [24l (10.2.2) and the monotonicity of x i—>■ on R+, we get 




< C 


\v\ 


\v\ 


<c\v\ 


1 + hi 

hi 




Z+T 


.1 + hi 

Similarly, if I > 1/2, then 


1 + hl 

hi 

1 + hl 

hi 


Z+7 


hi 


hi 


/+i 


< c 


1 + hl 
hi 


1+4 


1 + hi 


1+4 


A + hlV^^ 

V hi J 

i + hlV^" 

hi J ■ 




< C 


hi 


hi \ 

i + hi; 


l+h /1 + l^p '-i 


hi 


<chl 


hi 


1 + hi 


/j-i . . /_ 1 

" ^1 + hi " 


+ hi 

<t^hl 


hi 


i + hl 
hi 

1 + hi 


hi 

i+l /i + 

hi 


If |Z| < 1/2, then using (jB.lIl and (|B.2p we obtain 


< c 


hi 


hi 


<chl 


1 + hi 
hi 


Z+ 7 


hi 


1+hl 


h-l 


■ hi 


hi 


1 + hl 


z+ 4 


hi 


1 + hi 


h-i 


,1 + hi 

Finally, for Z = 1/2 we get 


z+l 1 -[- 1^1 


IG.(^)r.(f) - iMOnMl < CY/hlTTM ( 111 ) 


f hi ^ 

/A + hl\ 

U + hh 

K hi J 


<CM 

Summarizing the above, we find that the function Qi admits the following esti¬ 
mate 


\Giiv,0\<C\v\ 


hi 


1 + hl 


i+i ^1 + 


if 0 < hi + hi ^ 1 ^ > “1/2- 

Step (ii): hi + 1 + hi - First, we get 


r7h+i(^)l/+i(e-eh+|h)>/+i(^)| (1^) 

as implied by (IB. 41) and (IB. 51) . If Z > 1/2, we get 

Yi + hh'^" 




hi 


dim')! 
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For |Z| < 1/2 we obtain 


And finally, for ^ = 1/2, we get 


1^1 


1 + ICI 


i+i 


„|Imi)| 


\^Mv)yo{0 - vMOyo{v)\ < 


1 + I?I "V l?l 


Summarizing the above, we find that the function Qi admits the following esti¬ 
mate 

l+h 


\Qi{ri,0\<CyM 


l + |g| 
lei 


„|Imr)| 


if 0 < 1^1 < 1 < \r]\ and I > —1/2. 

Step (in): 1 < |^| < \r]\. To deal with the remaining case we shall use the second 
equality in (12.81) and the asymptotic expansions of Hankel functions (IB.6D - (IB.7I) : 


(2.9) 


\Gi{v.O\ 2cos(ry-^) 
as |? 7 |, 1^1 —^ oo. Therefore, we get 

\Gi{v,0\<C\ 


JIm(77-J)| 


if 1 < 1^1 < 1^1 and I > —1/2. 

Combining all these estimates for the function Qi with the equality 
Gi{k‘^,x,y) = ^^^^Qi{kx,ky), 

after straightforward calculations we arrive at (iTTll . □ 

Lemma 2.4. Assume (12.111 . Then dkipik^jx) is a solution to the integral equation 
dk<j){k^,x) = dk(t>i{k^,x) 

+ [ [dkGi{k'^,x,y)](j){k'^,y) + Gi{k'^,x,y)dk(l){k'^,y)]q{y)dy (2.10) 

and satisfies the estimate 


\dk4>ik‘^,x) - dk(l)iik‘^,x)\ < C\k\x 


l-\-2 


^|Im k\x 


r y\<iiy)\ 
lo 1 + 1^1 y 


dy. (2.11) 


_ 1 -I- |A:| X^ 

Proof. The proof is based on the successive iteration procedure (see, e.g., 0 Chap. 1.5]). 
As in the proof of Lemma 2.2 in [15], set 

OO px 

/>=V'</n, 4'0-=(fi, 4'n{k'^, x) := Gi{k'^,x,y)(fn-i{k'^,y)q{y)dy 

JO 


n=0 


for all n G N. The series is absolutely convergent since 


U„(fc^,a:)| < 


fjn+l 


1 -b |fc|x J 


1+1 


^|Im fc|rc 


r y\qiy)\ 

lo l + \k\y 


dy 


( 2 . 12 ) 
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Similarly, let us show that dk4>{k‘^^x) given by 

OO 

dk4> = '^Pn, Po{k,x) := dk4>i{k'^,x), 
n—0 

Pn{k,x):= / dkGi{k^,x,y)(l)„-i{k^,y)q{y)dy 

Jo 

+ Gi{k'^,x,y)(3n-i{k,y)q{y)dy, uGN, 

Jo 


(2.13) 


(2.14) 


satisfies (I2.10p . Using p.l2ll and (12.6p . we can bound the first summand in p.l4|l 
as follows 


(jn+l 

11st term| < --TTT|fc|a^ 


< 


(n- 1)! 

r<n+l 

\k\, 


1 + \ k\x 


1+2 


1 + |A:|a 


1+2 


^|Im k\x 


^ I Im k I X 


y\qiy)\ 


t\q{t)\ 


lo l + \k\y\Jo l + \k\t 

r y\diy)\ 


dt 


dy 


'0 1 + \^\y 


dy 


Next, using induction, one can show that the second summand admits a similar 
bound and hence we finally get 


^n+l 

\l3nik,x)\ < — j— |A:|a; 

n' 


1 + \k\x 


1+2 


^|Im k\x 


r y\qiy)\ 

'o l + \k\y 


dy 


This immediately implies the convergence of ()2.13l) and, moreover, the estimate 

OO 

Idkcjiik"^,x) - dk(l)i{k'^,x)\ < ^ \Pn{k,x )\, 


n—1 


from which (j2.11l) follows under the assumption (12.111 . 


□ 


Furthermore, by HHi, the regular solution </> admits a representation by means 
of transformation operators preserving the behavior of solutions at a: = 0 (see also 
[SI Chap. Ill] for further details and historical remarks). 

Lemma 2.5 ([6]). Suppose q € Ll^^{[0,oo)). Then 

(l){z,x) = (j)i{z,x) + f B{x,y)(j)i{z,y)dy =: {I + B)(l)i{z,x), (2.15) 

Jo 

where the so-called Gelfand-Levitan kernel B ; Rl -+ M satisfies the estimate 

\B{x,y)\ < ifTo ■= y^\qiy)\dy, ( 2 .I 6 ) 

for all 0 < y < X and j € {0,1}. 


In particular, this lemma immediately implies the following useful result. 
Corollary 2.6. Suppose q G L^{{0, !))• Then B is a bounded operator on L°“((0,1)). 
Proof. If / G L°°(R+), then using the estimate (|2.16l) we get 


\{Bf){x)\= ( B{x,y)f{y)dy 

Jo 


< 


<il 




OO / \B{x,y)\dy 


dy < :^||/||ooe'^"^^Vo(l), 


which proves the claim. 


□ 
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Remark 2.7. Note that B is a bounded operator on L^((0, a)) for all a > 0. How¬ 
ever, the estimate (j2.16ll allows to show that its norm behaves like 0{a) as a ^ oo 
and hence B might not be bounded on L^(IR._|_). 

2.2. The singular Weyl function. The singular Weyl function to : C \ M —>■ C is 
defined such that 


'tp{z,x) = 9{z,x)m{z)(j){z,x), z € C \ R, (2-17) 

belongs to L^((l,oo)). Note that, while the first solution (j){z,x) is unique under 
the normalization (j2.2p . the second solution 0{z,x) is not, since for any real entire 
function E the new solution 9{z, x) = 9{z, x) — E{z)(j){z, x) also satisfies (12.211 . Note 
that the corresponding singular m-function to is given by 


to(z) = to(z) + E{z) 


in this case. Moreover, it was shown in [HI [20] that the singular m-function (|2.17|1 
admits the following integral representation 


to(z) = E{z) + {1 +z^Y^ 


[( ^ 



1 + X‘^J 


dpW 
(1 ’ 


(2.18) 


Here k; := -I- |J (with [.J the usual floor function), the function E is real entire, 

and p : R —>■ K is a nondecreasing function satisfying 


pW 


p{X-\-)p{X-) ^ ^ 

---, p(0) = 0, 


dp{X) 


(1 + A2)«‘+i 


< 00 . 


The operator H is unitarily equivalent to multiplication by the independent variable 
in (R, dp) and thus p is called the spectral function and dp is the spectral measure. 
Indeed, one has E : L^(R+) —>■ L^(R, dp) defined via 

pix) I—>■ (p{X) := l.i.m. / (j){X, x)(p{x)dx, 

c-i-oo Jq 

and its inverse mapping : L^(R, dp) —?> L^(R+) given by 


(p(A) I—>■ ip(x) := l.i.m. 

r—^oo 


(j){X,x)(p{X)p{dX). 


Here “l.i.m.” denotes the limit in the corresponding L^-norm. Then, for any Borel 
function /, one has Ef{H)E~^ equal to multiplication by /(A). 

We also remark that the value of ki in (|2.18l) is the best possible one as the 
following extension of Marchenko’s asymptotic formula shows. 


Theorem 2.8 ([21]). Suppose thatq satisfies ([23]) and TO is the singular m-function 
(12.171) . Then there is a real entire function E such that in any nonreal sector, 

m{z) - E{z) = mi{z){l->r o{l)), |z|-)■-foo, 

where 


{ _i_ (—zf+h 

, , I sm{{l -\- X)Tr) ^ 

mi[z) = < ' 

—Y+i log(-z), 

^ TT 

Moreover, the spectral function satisfies 

p(A) = pz(A)(l -f o(l)). 


^ + 2 ^ K+\ No, 
^ + 2 ^ Nq. 

A —y “1“CX), 


(2.19) 


( 2 . 20 ) 
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where 


PiW = 


1 


Tr{l + 2 ) 


3 \ ^[0,oo) 


l+i 


^^-2- 


Note that the formula (|2.20l) was first announced in [TB] . For extensions of The¬ 
orem [^IH] to the case when q is a distribution in we refer to [5]. 

2.3. The Jost solution. In this subsection, we assume that the potential q belongs 
to the Marchenko class, i.e., in addition to dun, q also satisfies 


x\q{x)\dx < 00 . 


( 2 . 21 ) 


Recall that under these assumptions on q the spectrum of H is purely absolutely 
continuous on (0, 00 ) with an at most finite number of eigenvalues A„ € (— 00 ,0]. 

Next we need some estimates for the Weyl solution ip defined by (I2.17P . We begin 
with some basic properties of the unperturbed Bessel equation in which case the 
Weyl solution is given by 


ipi{k^,x) = ifc '+2 [kx), 


which is analytic in Im k > 0 and continuous in Im k > 0. Here is the Hankel 
function of the first kind (see Appendix 0). Its derivative is given by (cf. (IB.SII l 

dkipi{k'^,x) = ik'-~''ix^J^H^^\{kx). 

The analog of Lemma I^TT] reads: 

Lemma 2.9. If I > —1/2, then for every x > 0 


and 


\Mk^x)\<C 




l + \k\-. 


-I 


|Im k\x 


\k\x 


|fc/x 


1 -1- |fc| X 

X 

|fc| X 


i-i 


> 


( 2 . 22 ) 


(2.23) 


< 


,1 + 1^1 X, 

A solution f(k, •) to ry = kP^y satisfying the following asymptotic normalization 
/(fc,x)=e''=“(l + o(l)), /'(fc,x)=ifce‘'="(l + o(l)) (2.24) 

as X —>■ 00 , is called the Jost solution. In the case g = 0 we have (cf. mM) 


e 2 


fi{k,x) = ^ipi(k‘^,x) = ie '2 


TTxfc ^^( 1 ) 


Hlfikx). 


2 ‘ '+i 

Lemma 2.10. Assume (12.211) . Then f{k,x) satisfies the integral equation 
f{k,x) = fi{k,x) - / Gi{k^,x,y)q{y)f{k,y)dy. 

J X 

If I > —1/2, then for all x > 0, f{-,x) is analytic in the upper half plane and can 
be continuously extended to the real axis away from k — 0 and 

-i 


\fik,x) - fiik,x)\ < C 


\k\- 


l + \k\: 


|Im fe| X 


vdjy) 

l + \k\y 


dy. 


(2.25) 
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Moreover, the function h{k,x) := e satisfies the estimates 


\dkhi{k,x)\ < 


C /l + |A:|a; 


x\k\^ V 


/-I 


(2.26) 


and 


\dkh{k,x) - dkhi{k,x)\ < ^ G + 1^1 


y\<iiy)\dy- 


\k\ \ \k\x 

Proof. The proof is based on the successive iteration procedure. Set 

OO pQQ 

f = ^fn, fo-=fi, fn{k,x):=- Gi{k‘^,x,y)fn-i{k,y)q{y)dy 

-n V X 


(2.27) 


n—0 


for all n G N. The series is absolutely convergent since 


I 


n\ 


\k\x 


^llm fe|a 


y\Qiy)\ 

1 + \k\y 


dy 


(2.28) 


The latter also proves (1^ . 

The proof of (j2.26|) is given in Appendix IbI It remains to prove (12.2711 . First, 
notice that h solves the following equation 

nOC 

h{k,x) = hi{k,x)- / Gi{k,x,y)q{y)h{k,y)dy, Gi{k,x,y) := Gi{k'^,x,y)edy-^\ 

J X 

Then setting 

OO 

dkh = '^gn, go{k,x) := dkhi{k,x), (2.29) 

n—0 

poc 

gn{k,x):= / dkGi{k,x,y)hn-iik,y)q{y)dy 

.OO ^ (2.30) 

+ / Gi{k,x,y)gn-iik,y)q{y)dy, n G N,, 

J X 

we need to show that it satisfies the integral equation 
dkh{k,x) = dkhi{k,x) 

pOC 

- [dkGi{k,x,y)]h{k,y)+ Gi{k,x,y)dkh{k,y)]q{y)dy. (2.31) 

J X 

It easily follows from (12.7p that 


dkGi{k,x,y) <G\k\y 


\k\y 


1 + \k\y 


|fc|a 


, 0 < X < y. 


Therefore, using (12.281) . we can bound the first summand in (12.301) as follows 


list termi < 


< 


/l + |fc| 


(n — 1)! \ \k\x 


\k\y^ \(i{y)\ 

(1 + |/c|y)2 


1 + \k\t 


dt I dy 
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Next, using induction, one can show that the second summand admits a similar 
bound and hence we finally get 

This immediately implies the convergence of (12.2911 and, moreover, the estimate 

OO 

\dkh{k,x) - dkhi{k,x)\ < ^ |g„(fc,a;)| , 

71 — 1 

from which (I2.27|) follows under the assumption (12.211) . □ 

Furthermore, by nms], the dost solution / admits a representation by means of 
transformation operators preserving the behavior of solutions at infinity (see also 
O Chap. V] for further details and historical remarks). 

Lemma 2.11 ([B]). Suppose < OO. Then 

pOO 

f{k,x) = fi{k,x) + K{x,y)fi{k,y)dy =: {I + K)fi{k,x), (2.32) 

J X 

where the so-called Marchenko kernel i^T : —>■ R satisfies the estimate 

\K{x,y)\ < i di := J y^q{y)\dy, (2.33) 

for all X < y < OO and j G {1, /}. 


In particular, this lemma immediately implies the following useful result. 

Corollary 2.12. Suppose f^(x + a:*'*'^)|( 7 (a:)|(ia; < oo. Then K is a bounded oper¬ 
ator on L°“((l, oo)). 

Proof. If / G L°°(R+), then using the estimate (12.331) we get 


poo 

\{Kf){x)\= / K{x,y)f{y)dy 

J X 


^ 11/1 

< 2'-M 


cCTi(i) 


< 11/11 

I poo 




/ \Kix,y)\dy 
J X 


D'Jl(l) 


pOO pOO 


h J(l+y)/2 
poo p2t — l 


t^\q{t)\dt dy 


= 2 




/ OO pzi — i 

J t'^\q{t)\dydt < 2'‘\\f\\^di+i{l)e'^^^'^\ 


which proves the claim. 


□ 


2.4. The Jost function. By Lemma[2TT0l the dost solution is analytic in the upper 
half plane and can be continuously extended to the real axis away from k = 0. We 
can extend it to the lower half plane by setting f{k,x) = f{—k,x) = f{k*,x)* for 
Im(fc) < 0. For k G R \ {0} we obtain two solutions f{k,x) and f{—k,x) = f{k,x)* 
of the same equation whose Wronskian is given by (cf. (I2.24|) l 

W(/(-fc,.),/(fc,.)) = 2ifc. (2.34) 

The Jost function is defined as 

/(fc) = IF(/(fc,.),</>(fc^.)) 


(2.35) 




















DISPERSION ESTIMATES FOR SPHERICAL SCHRODINGER EQUATIONS 


13 


and we also set 

g{k) = Wim.),e{k^,.)) 

such that 

f{k, x) = f{k)e{k'^, x) - g{k)(j){k'^,x) = f{k)ijj{k'^,x). (2.36) 

In particular, the Weyl m-function ()2.17ll is given by 

= fceC+. 

Note that both f{k) and g{k) are analytic in the upper half plane and f{k) has 
simple zeros at € C+. 

Since f{k, x)* = f{—k, x) for fc G R \ {0}, we obtain f{k)* = f{—k) and g{k)* = 
g{—k). Moreover, (12.3411 shows 

(j){k^,x) = ^\^f{k,x)- ^^f{-k,x), kGM.\{0}, (2.37) 

and by (j2.36|) we get 

2ilm(/(%(fc)*) = f{k)g{kr - f{kYg{k) = W{f{-k, •), f{k, •)) = 2ifc. 


Hence 


implying 


Im m{k‘‘) = — 


2 lm{f{k)*g{k)) _ k 


l/WP \f{k)\ 

Vx 


r, fc G K \ {0}, 


dp{X) — l(0,oo)('*^) . , ^ ^ IndOjX Xn), 


(2.38) 


(2.39) 


where 7„ ^ = ||(()(A„, OIIlCr^) the usual norming constants. Since — 7 „ equals the 
residue of m(z) at A„ we obtain 

/(iK„) = /(iKn, X) = g{lKn)(t){Xn,x). 

In 

Note that 

fi{k) := W{fi{k,.),(t>i{k^^-)) = 0 < arg(/c) < tt. 

Thus, by Theorem 12.81 and (I2.39L 


\fik)\ = \fiik)\{l + o{l)) = \k\ '(l + o(l)), k^oo. 


(2.40) 


Finally, consider the following function 

Fik):=e-^^k^f{k) = j^=e-'^k‘Wifik,.),Hk^.)), Im fc > 0. (2.41) 


Note that if we use 


Y(k,x)= = e '"^‘k^f{k,x) 

Mk) 


(2.42) 


instead of f{k,x), then i/;(-,x) is analytic in the upper half plane and can be con¬ 
tinuously extended to the whole real axis and (12.2511 now reads 

-i 


|i/^(fc,x) - tpi{k,x)\ < C 


l + \k\: 


|Im A;| X 


yq{y) 

l + \k\y 


dy. 


(2.43) 
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Lemma 2.13 ([2T]). A ssume m and (12.2111 . Then the function F admits the 
following integral representation 

poo 

F{k) = l-\- / ipi{k^^x)(j){k^,x)q{x)dx^ (2.44) 

Jo 

poo 

= 1 + / f{k,x)(j)i{k'^,x)q{x)dx. 

Jo 

If I > —1/2, then F is analytic in C+, continuous and bounded on Im k>0 and 

F(fc) = l + o(l) (2.45) 

as \k\ ^ oo in Im k > 0. 


Remark 2.14. Note that (j){k'^,x) and (l)i{k'^,x) have the same leading asymptotics 
as |/c| —>■ oo. Also, 

2k'il}i{k'^,x) (j)i{k‘^,x) ^ 1, |fc| —>• 00 . 

Since \k'ilji(k'^, x) 4>{k^,x)\ < C, dominated convergence implies that 

• pOO 

F{k) = \F-^ / q{x)dx + o{k~^) (2.46) 

2k 7o 

as |fc| —>■ oo provided that q € L^(0,oo). 

We also will need the behavior of F and F' near zero. The next lemma is well 
known and we give its proof for the sake of completeness. 

Lemma 2.15. Let I > —1/2 and assume (12.11) and (12.211) . The following conditions 
are equivalent: 

(i) F(0) = 0, 

(ii) (/(O,.) and ifiO, ■) are linearly dependent, 

(hi) (j){Q,x) ^ Cx~^ as X ^ oo, 

(iv) there is either a resonance (if I G (—1/2,1/2]/ or an eigenvalue (if I > 1/2/. 


Proof. By (12.411) and (12.421) . F(0) = W (i/(0,.), (/(O,.)) which proves the equivalence 
(i) (ii). Moreover, the latter is further equivalent to (Hi) since i/(0,x) ~ Cx~^ 

as X —oo in view of (12.431) . 

Finally, the kernel of the resolvent IZnik^) = {H — k‘^)~^ is given by 

cj){P,x)f{k,y) cj){P,x)ip{k,y) 


[nnik +iO)]{y,x) = 


fik) 


m 


x<y, 


(2.47) 


and hence we see that there is a resonance or an eigenvalue, i.e. a singularity of 
this kernel at fc = 0 if and only if F{0) = 0. Moreover, this is also equivalent to 
existence of a solution which, is bounded if Z > 0 and which is square integrable 
(i.e. an eigenfunction) if Z > i. □ 


Lemma 2.16. Assume (12.1|) and (12.211) . Then F{k) ^ 0 for Zc G R \ {0} and 
\F{k)\~^ < k^O. 


Proof. Since f{k,x) can only be a multiple of /)(fc^,x) if fc = 0, their Wronskian 
f{k) can only vanish at 0. Moreover, the singular Weyl function must satisfy 


\m{z)\ < 


Cx 

|z- A| 
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near every A € R, which follows from its integral representation (I2.18|) . Hence we 
obtain from (I2.41|l and (j2.38l) 

1 1 1 ^ 

-\/lm m[k^) < 


\m\ ik^fm \k\^+i 


\k\‘ 


as claimed. 

To obtain the second bound we use that fact that the diagonal of the Green’s 
function TZh{-){x,x) is a Herglotz-Nevanlinna function and hence satisfies 


\TZh{z){x,x)\ < 


Cx,. 
|z-A| 


near every A G R. Choosing a; > 0 such that (j){0, x)ijj{0, x) ^ 0 and using l|2.47p we 
prove the claim. □ 

Lemma 2.17. Assume (j2.ip and (I2.2ip . Then F is differentiable for all k 0 and 

C 


\F'{k)\ < 


l + l^l 


for all \k\ large enough. If in addition 


x'^\q{x)\dx < oo. 


(2.48) 


then 


Proof. Using (12.4411 . we get 

POO 

P'{k)= / {dkil}i(k^,x)4>{k^,x)+ifi{k‘^,x)dk4>{k^,x))q{x)dx. 

Jo 

The integral converges absolutely for all fc 0. Indeed, by (12.221) and (12.111) . we 
obtain 


x)dk'p{k‘^,x)q{x)dx 


< C 


0 1 + 1^1* 


\q(x)\dx 


Using (12.511 and (12.231) . we get the following estimates for the first summand: 

\q{x)\dx, I > 0 , 


dk'ipi{k^,x) (j){k^, x)q{x)dx 


Now the claim follows. 


< C 



0 (l+|fc|x)l+2' 


\qix)\dx, ZG(-i,0). 


□ 


3. Dispersive decay 

In this section we prove the dispersive decay estimate (HH) for the Schrodinger 
equation (HU. In order to do this, we divide the analysis into a low and high 
energy regimes. In the analysis of both regimes we make use of variants of the van 
der Corput lemma (see Appendix |A]), combined with a Born series approach for the 
high energy regime. 
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3.1. The low energy part. For the low energy regime, it is convenient to use the 
following well-known representation of the integral kernel of Pc{H), 




Pc{H)]{x,y) = 




—oo 
/*oo 


—oo 

nOC 


— OO 
POO 


x)(j){k^,y) lmm{k^)kdk 

2 n.\h2 


\f{kW 

-HP 

\F{kW 

^{k,x)^{k,y) 


dk 


(3.1) 


\m? 


dk. 


where the integral is to be understood as an improper integral. In fact, adding an 
additional energy cut-off (which is all we will need below) the formula is immediate 
from the spectral transformation [THl §3] and the general case can then be estab¬ 
lished taking limits using the bounds on this kernel to be established below. In the 
last equality we have used 


Note that 


^{k,x) := \k\^~^^(l}{k‘^,x), fc G K. 

(3.2) 

\(f>{k,x)\ < C' ^ 

\k\x \ llmfela: 

(3.3) 

l + \k\xj 

\dk^{k,x)\ < Cx 

( \k\^ \ „|Imfc|x 

(3.4) 



which follows from (12.31) . (12.51) and 

dk^{k,x) = {1 + l)sgB.{k)\k\’-(j){k‘^, x) + |A:|'+^i9fe(/>(A:^, x) 

together with (12.61) . (12.111) . 

We begin with the following estimate. 

Theorem 3.1. Assume (j2.1|) and (I2.48|l . Let also x € C)?°(M) with supp(x) C 
(—fco,fco) and suppose there is neither a resonance nor an eigenvalue at 0, that is 
F(0) 7 ^ 0. Then 


[e-'‘"x(i?)P,(iJ)](x,2/) < 


C 


max(a:, y). 


(3.5) 


Proof. We want to apply the van der Corput Lemma lA.ll with c = 0 and 

(j){k'^, x)(j)(p,y) ^(k, x)^{k, y) 


A{k) = xik^)Ao{k) 
Note that 


^o(fc) — 


\my 


\F{kW 


Plloo < llxllooPolloo, P'lli < llx'lllPolloo + llxllooKlIl. 

Our assumption P(0) 0 together with Lemma 12.161 imply F{k) 0 for all 

k gM. and hence ||l/F||oo < oo in view of Lemma [2.131 Using (13.31) we infer 

sup \Ao{k)\ < C'||l/F|l^(min(l,fcox?/))*'^^ < oo, (3.6) 

P<ko 
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which holds for all x and y with some uniform constant C > 0. Moreover, 

n\ _ ^kHk,x)^{k,y)+ ^{k,x)dk^ik,y) F'{k) 

Mk)- Ao{k)Rej^ 

and it suffices to bound the two terms from above on compact sets. In fact, it suffices 
to consider the first term since the second one follows from (13.61) and Lemma [2.171 
The estimate for the first term follows from (|3.3I) and (13.41) since 


5fc(/)(fc, x)(j){k, y) + (l){k, x)dk4>ik, y) 
/+1 


< C 


\k\x 


1 + |fc|a 


\k\y 

1 + \k\y 


Z+1 


1 + \k\x 1 + \k\y 


|fc| 


\k\ 


< Cy/xy 


\k\x ^ \k\y y+1/2 I ^ \k\x + I + \k\y 

l + \k\x) \^1 + |A:|?// a/( 1 + |/c|a;)(l + \k\y) 


< Cy/xy 


( / l + \k\x / 

lVi+i^i2^ V 


1 + \k\x j 

It remains to apply the van der Corput lemma. 


< C max(ai, y). 


□ 


To get rid of the dependence of x and y in (13.Sp we make use of the transformation 
operators (|2.15p and (12.321) . 


Theorem 3.2. Assume 

/ |g(a:)|(ia; < oo and 


x’^’^^^^’^+^^\q{x)\dx < oo. 


(3.7) 


Let also x £ with supp(x) C (—fcoi^o) o,nd suppose there is neither a 

resonance nor an eigenvalue at 0, that is F{0) ^ 0. Then 

\[e-^*^x{H)Pc{H)\{x,y)\<^^^, max(a;,y)>l. (3.8) 

Proof. Assume that 0 < a; < 1 < y. We proceed as in the previous proof but use 
Lemma 12.51 and Lemma 12.111 to write 


+ Bx)Mk,x) ■ (I + Ky)^i{k,y) 


k^O. 


\F{kW 

Indeed, for all A: G ]R\ {0}, (j){k, •) is bounded at infinity and admits the representa¬ 
tion (12.371) by means of dost solution f{k, ■) and f{—k, •). Therefore, by Lemma r2.111 
0(fc,y) = (/-!- Ky)4>i{k,y) for all fc G M \ {0}. 

By symmetry A{k) = A{—k) and hence our integral reads 


4 f° 

I{t,x,y) = - / 

Ti- Jo 


A{k)dk. 


Our aim is to use Lemma IA.2I (plus the remarks after this lemma) and hence we 
need to show that the individual parts of A{k) coincide with a function which is 
the Fourier transform of a finite measure. In particular, we can redefine A{k) for 
fc < 0. To this end note that (j)i{k'^,x) = J{\k\x), where 




J(r) = ^ J,., . (r) = i: ,, , r>0. 


n—0 
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Note that J{r) ^ as r —)■ 0 and J(r) = \/^ sin(r — ^) + 0{r as r —)■ -\-oo 


(see (|B.4I) '). Moreover, J'(r) ^ r* as r —>• 0 and J'{r) = a/ f cos(r — ^) + 0(r 


as r —>■ +00 (see (IB.9I) '). In particular, J(r) := J(r) — y ^ sin(r — ^) is in iJ^(R+). 
Moreover, we can define J(r) for r < 0 such that it is locally in and J(r) = 
sin(r — ^) for r < —1. By construction we then have J G i/^(]R) and thus J is 

the Fourier transform of an integrable function. Moreover, sin(r — is the Fourier 
transform of the sum of two Dirac delta measures and so J is the Fourier transform 
of a finite measure. By scaling, the total variation of the measures corresponding to 
J{kx) is independent of x. Since the same is true for x(fc^)|F'(fc)|“^ by Lemma [2. 171 
an application of Lemma IA.2I shows 


C ~ 4 

\I{t,x,y)\< I{t,x,y) = - 


,-itfc" n2\Mk,x)(j)i{k,y) 


Xik )- 


\F{kW 


dk. 


But by Fubini we have I{t, x, y) = {1 + Bx){l + Ky)I {t, x, y) and the claim follows 
since both B : L°“((0,1)) —>■ L°“((0,1)) and K : L°°((l,oo)) —)> L°“((l,oo)) are 
bounded in view of Corollary 12.61 and Corollarv l2.12l respectively. 

By symmetry, we immediately obtain the same estimate if 0 < y < 1 < x. The 
case min(x, y) > 1 can be proved analogously, we only need to to write 


Aik) = x{k^) K.)Mk.y) _ 

\r [K)\ 


□ 


3.2. The high energy part. For the analysis of the high energy regime we use 
the following —also well known— alternative representation: 




1 r° 

TTi y_c 


[R.h{uj + iO) -TlHico- iO)] dcj 
e-“'='7^^^(fc2+iO)fcdfc, (3.9) 


where = {H — uj) ^ is the resolvent of the Schrddinger operator H and the 

limit is understood in the strong sense m- We recall that the Green’s function is 
given by 

[7^//(fc^ ± iO)](x,y) = [7^//(fc^ ± iO)](y,x) = (/)(fc^, x)V’(fc^ ± iO, y), x < y. 
Note also that 

V’(fc2±i0,x) = yfcGK\{0}. 


Fix fco > 0 and let y : 


/(±fc) 

[0,oo) be a C°° function such that 


2a I 1*1 < 2*0, 


x(* ) = 


1, \k\ > 3fco. 

The purpose of this section is to prove the following estimate. 
Theorem 3.3. Suppose q G L^(IR.+ ). Then 

C 


(3.10) 




x{H)Pc{H)]{x,y)\ < 
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Our starting point is the fact that the resolvent TZh of H can be expanded into 
the Born series 

OO 

± iO) = ^ TZiik^ ± iQ)(-qni{k^ ± iO))", (3.11) 

n—0 

where TZi stands for the resolvent of the unperturbed radial Schrodinger operator. 
To this end we begin by collecting some facts about TZi. Its kernel is given 

TZiik'^ ±iO,x,y) = ^ri{±k,x,y), 

where 

ri{k;x,y) = ri{k;y,x) := k^/^ Ji_^_i{kx)H^^i{ky), x <y. 

Lemma 3.4. The function ri{k,x,y), I > can be written as 

ri{k,x,y) = Xi-oo,o]{k) [ + X[o,oo){k) [ e~^^'Pdpl^ y{p) 

with a measure whose total variation satisfies 

\\Pi,.J < C{1). 

Here p* is the complex conjugated measure. 

Proof. Let x < y and fc > 0. Write 

ri{k,x,y) = J{kx)H{ky), 

Xi[ky) 

where 

J{r) = Xi{r)~^VrJi+i{r), H{r) = xi{r)Vr H^l\{r), X;(r) = 

We continue J(r), H{r) to the region r < 0 such that they are continuously differ¬ 
entiable and satisfy 



for r < —1. Then J(r) := J{r)— Y^sin(r— and H{r) := H{r)— ‘'t 

are in In fact, they are continuously differentiable and hence it suffices 

to look at their asymptotic behavior. For r < — 1 they are zero and for r > 1 
they are 0{r~^) and their derivative is 0{r~^) as can be seen from the asymptotic 
behavior of the Bessel and Hankel functions (see Appendix [B]) . Hence both J and 
H are Fourier transforms of finite measures. By scaling the total variation of the 
measures corresponding to J{kx), H{ky) are independent of x, y, respectively. 
Hence it remains to consider the Fourier transform 

Px,y{p) ■■= \ [ (l - cos{kp)dk. 

VTiJo V Xi{ky)J 

k^x,y{p) — 


^2 \(*+ l )/2 

_(_^2 j 


First observe that 
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for all X < y. Therefore, = H-Fi.y/xIlLi- Hence it suffices to consider the 

Fourier transform of 

, I,2\d+l)/2 ^2 

hn,iik) := 1 - 


„,pxd+i)/2 


1 + 




First, note that 


/ i.2\ jL 

K#) = (( + l)(,-l)(^) *c«. 


Therefore, 


Kiik) = KAf^) = + o{k)) 

as A; —?> 00 . This implies that hrjj G and hence G L^(R). According to 

(lA.ll) . it remains to show that the family is uniformly bounded in with 

respect to rj G (0,1]. Clearly, 

IS,i(fc)| < \ho.i{k)\ 

for all A G R and hence ||A^,;||i 2 < ||Ao,i||L 2 . Noting that 

I > 1 


V 


+ A 2 


1 + A2 


— 1 1 

2 I 1 

< 


(Hf) ' , IG(-Il), 


A > 0, 


for all! > — i, we get 


|A| 


1 , 


I > 1 , 


□ 


The latter implies that \\h'^ ;||i 2 are uniformly bounded. 

Remark 3.5. (i) For I G Nq the situation is somewhat simpler and we can write 

ri{k,x,y)= [ ^ e No, 

Jr 


with 

pi,x,y{p) =y - {6{p - X + y) - (-l)'d(p + x + y)) 
sign(p -x + y)- sign(p + x + y) 

* - 7^ - 

where Pi^x,y{p) is a polynomial of degree 21 — 1 which is symmetric in x and y. 
Explicitly, 

7} 3z) (j}^ __ v^') 

Po,x,y(p) = 0 , Pl,x,y{p) = P2,x,y(j>) = 2x‘^y‘^ 

3p fs ip^ — x^A + 2?/2 f3a;2 — 5p2i _|_ 5 ^ 4 ^! 

^- 7SV - - 

and one can verify the claim explicitly. 
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(ii) We have the following recursion 

ri+i{k,x,y) = ri_i{k,x,y) - rt(k,x,y). 

Now we are in position to finish the proof of the main result. 

Proof of Theorem \3.3[ As a consequence of Lemma 13.41 we note 


21 


± iO,a;,?/)| < 


C (0 

|fc| 


and hence the operator qTZi{k^ ± iO) is bounded on with 


||(Z7^^(fc2±iO)||il < 


C{1) . 

\k\ ' 


iLi- 


Thus we get 

I {TZi (fc2 ± iO) {-qTZi (fc2 ± iO))^f, g)\ = \{-qni{k^ ± iO))”/, ^ iO)g) I 

< I|(-g7^^(fc2±i0))"/||^, \\ni{k^TiO)9h 


< 


C{1) 






This estimate holds for all functions / and g and hence the series (13.111) weakly 
converges whenever |fc| > fco := C{l)\\q\\i^i. Namely, for all functions / and g we 
have 

OO 

{UHik^ ± i0)/,5) = ^ {ni{e ± iO){-qTZi{e ± iO)rf,g) . (3.12) 

n—0 


Using the estimates (12.51) . (12.251) . (I2.41L and (12.451) for the Green’s function of the 
perturbed operator, one can see that 

7eff(fc2±iO)gGL“ 

whenever g G and |fc| > 0. Therefore, we get 

|(7^ff(A2^iO)(-g7^^(A2^iO))"/,5)| 

= \{{-qni{e±io)rf,nH{k^Tio)g)\ 

< Wi-qUiik^ ± iO))"/|Li W^Hik^ T i0)5|L^ 

fC{l)\\qh.' 


< 




\\nHik^TiO)gl 


which means that 72.//(fc^±i0)(—q7?.i(fc^±i0))" weakly tends to 0 whenever |fc| > fco- 
Let us consider again a function y as in (I3.10p with ko := C'(/)||(;||i. Since 
e^*^xiH)Pc = e‘‘^x(iL), we get from (13.91) 


e “''"x(fc^)A:(7^//(fc2 + iO)/,5)dfc. 


(e-‘‘^x(i^)/,ff) = - / 

tti 

Using (13.121) and noting that we can exchange summation and integration, we get 

-| OO «00 

= -E / 


e xik'^)k{'Jli{k'^+ iO)i-q'Jliik‘^+ iO)Tf,g)dk. 
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The kernel of the operator + iO){—qTZi{k'^ + iO))” is given by 

n n— 1 


1 


kn+l 


n{k; a:, j/i) q{yi) n(fc; yi, ?/i+i)n(fc; y)dyi ■ ■ ■ dy„ 


2 = 1 2=1 

Applying Fubini’s theorem, we can integrate in k first and hence we need to obtain 
a uniform estimate of the oscillatory integral 

In{t-,Uo, ■ . ■ ,Un+l) ■■= J [[ri{k]Ui,Ui+i)dk 


since, recalling that ko = (7(^)115112,1, one obtains 




n—0 


(nnawn \In{t;U0,...,Un+l)\\ 


iLi iiyiiLi 


Consider the function /„(fc) = x(fc^) ■ Clearly, /q is the Fourier transform of 

a measure satisfying ||r'o|| < C. For n> I, fn is with ||/rt||ffi < 7r“^/^(7(l+n). 
Hence by Lemma (4.21 and Lemma we obtain 


2C C 


implying 


(e-'*"x(i7)/,5)| < 


Vi 

2CyCC{l) 


/T \\J lIZ/^ / j 2?! 

^ n=0 




1 + n 


This proves Theorem 13.31 

Appendix A. The van der Corput Lemma 
We will need the classical van der Corput lemma (see e.g. [ISl page 334]): 
Lemma A.l. Consider the oscillatory integral 


□ 


pb 

I{t) = / e“'='+'='=A(fc)(i/c. 

J a 


If A £ AC(a, b), then 

\m\<c2\t\-^/V\\A\\oo + mi)^ 

where C 2 < 2®/^ is a universal constant. 

Note that we can apply the above result with (a, 6) = (— 00 , 00 ) by considering 
the limit {—a, a) —>■ (— 00 , 00 ). 

Our proof will be based on the following variant of the van der Corput lemma 
which can be shown as in 0 Lemma 5.1]. 

Lemma A.2. Let {a,b) C K and consider the oscillatory integral 

rb 


m = 


Atk'‘ 


A{k)dk. 


If A is the Fourier transform of a signed measure 

A{k) = j e‘^^da(p), 

Jr 
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then the above integral exists as an improper integral and satisfies 

\I{t)\<C,\t\-^^^\\a\\, |i|>0. 

where ||a|| = |q;| (K) denotes the total variation of a and C 2 is the constant from 
the van der Corput lemma. 

In this respect we note that if Aj are two such functions then (cf. p. 208 in [I]) 

1 


[AiA2){k) — 


is associated with the convolution 


(2^)2 


* a2){p) 


ai*a2lfii)= JJ lQ{x + y)dai{x)da2{y), 

where In is the indicator function of a set il. Note that 

||ai *a2|| < llaillllaall- 

We also need the following simple fact due to Beurling: If / G then / is in 

the Wiener algebra A and 

ll/IU := ll/IUbK) - V^II/ll-UbR)' 

Appendix B. Bessel functions 


(A.l) 


Here we collect basic formulas and information on Bessel and Hankel functions 
(see, e.g., [MIIIH])- We start with the definitions: 


^4.) = © E 


(-4/4)^ 


W(4 = 


—^ n!r(u + n + 1) 

n=0 ^ ' 

Ji/(z) cos(u7r) — J-^{z) 


(B.l) 


(B.2) 


sin(u7r) 

= Mz) + iY,iz), Hi^\z) = Mz) - iY^iz). (B.3) 

Note that the right-hand side in equation (|B.2p should be replaced by its limiting 
value if u G Z. Their asymptotic behavior as |z| —^ 00 is given by 

J^{z) = \ — (cos{z — 1 x 71/2 — tt/A) + e^^'^^^0{\z\~^)'] , |argz|<7r, (B.4) 

\ TTZ \ ) 

2 

■KZ 
2 

■KZ 
2 

KZ 

Denote the reminder in (IB.41) . (IB.SP and (IB.61) by ji[z), yi{z) and hfiz), respectively. 
Noting that 


Y^{z) = \ —fsin( 2 ; — u7r/2 — 7r/4)-|-e', |arg2|<7r, (B.5) 

\ KZ \ / 

= /Aed-I —J-) (i + o(|^|-i)) ^ -^<argz<2^,, (B.6) 


= W—(1 + 0{\z\-^)) , -2^ < argz < 


(B.7) 


y'Az) = -y,+i{z) + -y,{z) = y,-i{z) - -y^, 

Z Z 

one can show that the derivative of the reminder satisfies 

/ 


(B.8) 
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and H^\ 

According to [551 formula (VI. 12.3)], for real non-zero k 


as jzj —>■ oo. The same is true for Y^, Hi and Hi . 


ff,%(/=) = 


2 gi(fc-' 7 r(;+l)/ 2 ) ^oo 


1 1 -h 


Trk r(Z -|- 1) 


it 


dt, I >- - 


1 


Therefore, the dost solution of the unperturbed Bessel equation admits the repre¬ 
sentation 


hi(k,x) = e '^'^fi{k,x) = 


1 


r(^ +1) Jo 


e~H'- f 1 -b 


2kx J 


dt 


and 


dkhi{k,x) = 


-ii 1 r 

2r{i + 1)^ Jo 


( 1 


it 

2kx 


i-i 


dt. 


The last integral converges absolutely whenever kx ^ 0. Indeed, since 
(a^-|-t^)“ Cl = 

for all a, t > 0, we get 


2('-i)/ 2, t>l, 

1, te (-1/2,1) 


e-tt/+i I I 


2kx J 


dt 


< 


< 


1 


(2|fc|x) 

Cl 


1-1 


e"*t'+^(4|A:px2 -bt2)“dt 


(2|fc|a;) 

Therefore, we end up with the following estimate 


— (r(t + 2)(2|fc|A-' + r(2t + i)). 


\dkhi{k,x)\ < 


C fl + \k\s 


i-i 


a;|fcp \ jfcjx 

for all a; > 0 and fc ^ 0. 

Remark B.l. The estimate (IB.101) is the best possible. Indeed, iflGN, then 


(B.IO) 


hi{k,x) 


1 

r(v-bi) 



pr(t + j + i) 
{2xyki 


and 


dkhi{k,x) 


-1 ^ n yjTjl+j + l) 

r(t-bi)^Vj7 {2xykU+i) 
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